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A CHARACTERIZATION OF RELATIVELY HYPERBOLIC 
GROUPS VIA BOUNDED COHOMOLOGY 

FEDERICO FRANCESCHINI 


Abstract. It was proved by Mineyev and Yaman that, if (F, F') is a 
relatively hyperbolic pair, the comparison map 

Ht{T,r'-v) iF''(r,r';E) 

is surjective for every k > 2, and any bounded F-module V. By exploit¬ 
ing results of Groves and Manning, we give another proof of this result. 
Moreover, we prove the opposite implication under weaker hypotheses 
than the ones required by Mineyev and Yaman. 


1. Introduction 

The relations between bounded cohomology and geometric group theory 
have been proved to be fruitful on several occasions. For instance, the sec¬ 
ond bounded cohomology with real coefficients of most hyperbolic groups 
has uncountable dimension l [EF97| h This results generalizes an analogous 
fact for free non-abelian groups (see [Bro81| . or |Rol| for a simpler proof) 
and was in turn extended by considering groups acting properly discontin- 
uously on Gromov hyperbolic spaces ( |Fuj98| ). The proper discontinuity 
condition was weakened in order to include other interesting classes of group 
actions on Gromov hyperbolic spaces where a Brook’s type argument could 
be applied. For example, the WPD (weakly properly discontinuous) prop¬ 
erty and the acylindrical hyperbolicity were introduced by Bestvina and 
Fujiwara f |BF02] ') and Bowditch l [Bow08] i respectively in order to study 
actions of mapping class groups on curve complexes. The second bounded 
cohomology for more complicated coefficients of (most) acylindrically hy¬ 
perbolic groups was shown to be inhnite-dimensional in [H013| and |BBF| . 

Two other cases somehow opposite to each other are the characterization 
of amenability in terms of the vanishing of bounded cohomology ([Jo h72l) 
and the characterization of Gromov hyperbolicity of groups in term of the 
surjectivity of the comparison map in higher degrees ( [Minn2] ). The last 
two examples could be exploited to prove that the simplicial volume of 
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connected closed (and aspherical of dimension at least 2) oriented mani¬ 
folds with amenable (Gromov hyperbolic) fundamental group vanishes (is 
nonzero). 

In the present paper we will consider a generalization of Mineyev’s re¬ 
sult to the relative setting. The absolute case was considered by Mineyev 
in [MinOl] and [Mm02j. He proved that, if T is hyperbolic, the comparison 
map H^{T, V) — H^{T, V) is surjective for every k>2 and every bounded 
T-module V. Viceversa, if T is finitely presented and the comparison map 
H^{r,V) —>■ is surjective for every bounded T-module V, then 

r is hyperbolic (actually, it was proven by Gromov and Rips that hyper¬ 
bolic groups are finitely presented: see |Gro871 Gorollary 2.2.A] or [GDPflni 
Theoreme 2.2]). 

In this work we consider a relative version of the results of [MinOl] and 
[Min02] which holds for group-pairs, i.e. couples (T, T') where T is a group 
and r' is a finite family of subgroups of T. The following is our main result 
(see Section [2] for the definitions of the terms involved). 

Theorem 1.1. Let (r,r') be a group-pair. 

(a) //(r,r') is relatively hyperbolic the comparison map 

is surjective for every bounded T-module V and k > 2. 

(b) Conversely, if (r,r') is a finitely presented group-pair such that V 
is finitely generated and the comparison map is surjective in degree 
2 for any bounded T-module V, then (r,r') is relatively hyperbolic. 

Roughly speaking, the group-pair (T, T') is finitely presented if there is 
a presentation for T in the alphabet Ti\j£/ - where C T is a finite 
set - such that only finitely many relations involve elements of ^. See 
Definition 18.71 for more details. 

Mineyev and Yaman proved in [MY] a similar theorem. In particular, 
they proved (a), while the opposite implication was proved only under 
stronger hypotheses than (b) above (see [MY[ Theorem 59]). 

In an article of Groves and Manning ( [GMOS] ! written shortly there¬ 
after, several useful results are proved which seem to provide an alternative 
strategy to prove (a) of Theorem ll.il Indeed, quoting from [GMOSl p. 4]: 
“ In particular, in [GM| . we define a homological bicombing 
on the coned-off Gayley graph of a relatively relatively hy¬ 
perbolic group (using the bicombing from this paper in an 
essential way) in order to investigate relative bounded co¬ 
homology and relatively hyperbolic groups, in analogy with 
[MinOl I and [Min02j . ” 

The article [GM| was referred to as “in preparation”, and has never ap¬ 
peared. It was our aim to provide such a proof. We take a small detour 
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from the strategy outlined in the quotation above, since we will use the 
cusped-graph defined in [GMOS] instead of the coned-off Cayley graph. 

In [MY| a weaker version of (b) is also considered. However, such impli¬ 
cation was proved under additional finiteness hypotheses about the action 
of r on a graph or complex, which seem to be far more restricting than the 
finite presentability in the absolute case. By making use of recent results 
in a paper of Pedroza [MP] . we will be able to prove this implication with 
a proof similar to the one in |MY| . but without mentioning P-actions in 
the statement. 

In Section [3 we give two applications. The first one is a straightforward 
consequence of Theorem 11.11 (a) and was already proved in [MY] : if the 
topological pair {X,Y) is a classifying-pair for (r,r'), then the Gromov 
norm on H}^{X,Y) - which in general is merely a semi-norm - is actually 
a norm, for k > 2. This implies in particular interesting non-vanishing 
results for some classes of compact manifolds with boundary. The second 
application easily follows from our Rips complex construction, and can be 
obtained in the same way from an analogous construction in |MY[ Section 
2.9]. It states that, for a hyperbolic pair (r,r'), there is n € N such that, 
for any T-module V, the relative (non-bounded) cohomology of (T, P') with 
coefficients in V vanishes in dimensions at least n. 

The plan of the paper is as follows. In sections [2] and [3] we recall some 
definitions and results from |MY| and |GM08] (some technicalities pertain¬ 
ing to Section [2] are addressed later in the first addendum). In sections [3l 
m and [5] we introduce a Rips complex construction as our main tool, and 
prove some filling-inequalities of its simplicial chain complex, which will 
allow us to prove Theorem ll.il (al in Section El In the following section we 
give the applications already mentioned. In Section [8] we recall some results 
in [MPj and prove Theorem ll.il (b). In the second addendum we show that 
the definitions of relative bounded cohomoloev ffiven in [MY] and [Bla m 
respectively are isometric. 


Acknowledgements. This work is part of a Ph.D. project that I am de¬ 
veloping under the supervision of Roberto Frigerio. I would like to thank 
him for several conversations on this problem, and for having carefully read 
previous versions of the present work. I am also grateful to Matthias Blank 
and Clara Loh for a pleasant time I spent in Regensburg, where some of 
the contents of this article were discussed. 


2. Preliminaries 


Several definitions and results in this section are taken from [MY| . 
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Given a set S, let MS' be the vector space with basis S. Then S indnces 
a natural £^-norm 11 • 11 on MS 


sGS 


sGS 


(where almost all coefficients are null). We denote by C^,{S) the complex 
defined by 

Ck{S) = {0} if A: < -1 Ck{S) = M5*^+^ if A: > 0, 

with boundary operator given by 

k 

dki^O-i • • • ) '®fc) • ^ 1) ('^0) ■ ■ ■ ) Sj, . . . , Sk)- 

j=0 

Notice that dk is a bounded linear operator for every k. If T is a group 
acting on S, then T also acts diagonally on Ck{S) via isometries, and dk is 
T-equivariant with respect to this action. The complex C*(S') admits an 
exact augmentation given by 


Co(5)^M 

i i 


The following definition of relative bounded cohomology is taken from 
[MY| and is modelled on the analogous one for the non-bounded version in 
[BE78| . Our notation is slightly different from that of [MYj . 


Definition 2.1. A T-module is a real vector space equipped with a lin¬ 
ear T-action. A T-module P is projective if, given T-equivariant maps 
if.V ^ W and f : P ^ W, with ip surjective, there exists a T-equivariant 
map f : P ^ V making the following diagram commute 

F 

( 1 ) 

P 

Given a module M, a T—resolution for M is an exact T-complex 
■ ■ ■ Ek ^ ^ Eq ^ M ^ 0. 

A T— projective resolution of M is a T-resolution where all the Ei are 
T-projective. 

The following lemma, (similar to [MYt Lemma 52]) will be useful. 



Lemma 2.2. Let P be a T-module generated as a vector space by a basis S. 
Suppose that the action ofT on P is such that, for every s G S and 7 G T, 
there is t G S such that 7 s = ±t. Moreover, suppose that |Stabr(s)| < 00 
for every s G S. Then P is a T-projective module. 
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Proof. Let (p'.V and f :P he L-equivariant maps, and suppose 

that (p is surjective. If a € P, let Stab “(a) := {7 G Lrqa = —a}. Notice 
that |Stab“(s)| is null or equals |Stab(s)|, hence in particular it is finite, 
if s G 5. Fix s G 5 and 6 G F such that f{s) = p{b). Put 


f{±as) := ± 


Xy7GStab (s) Xy7GStab (s) T^b 

Stab (s) U Stab “(s) 


Va G r 


The definition above gives rise to a well defined R-linear and F-equivariant 
map MFs — V. Since P is a direct sum of spaces of type MF, s € S, 
we obtain a F-equivariant map f :P —)■ V. Finally, it is easy to see that 
ipof = f. □ 


In particular, if F acts freely on S, then C^:{S) ^ M —> 0 is a F-projective 
resolution of the trivial F-module M. 

We also have a normed version of projectivity. 

Definition 2.3. Let F be a discrete group. A bounded F-module V is 
an M-normed space equipped with a (left) F-action of equibounded auto¬ 
morphisms, i.e. there exists L > 0 such that 

II 7 • 'P|| < -^ll^ll Vu G P, 7 G F. 

A bounded F~complex is a complex of bounded F-modules with F- 
equivariant bounded boundary operators. 

Definition 2.4. A map (p :V ^ W between normed spaces is undistorted 
if there exists AT > 0 such that, for every tc G IF in the image of 99 , there 
exists u G F such that 


p{v) = w, ||u|| < iF||u;||. 

Definition 2.5. A F-module P is 5— projective if, given any surjective 
undistorted bounded F-map 99 : F —> IF and any bounded F-map / ; P —)■ 
IF, there exists a bounded F-map / : P —)■ F making the following diagram 
commute 

F 

( 2 ) 

P 

Given a module M, a bounded F— resolution for M is an exact bounded 
F-complex 

■ ■ ■ Ek ^ ^ Eq ^ M ^ 0. 

A 5— projective resolution of M is a bounded F-resolution of M where 
all the Ei are 6 -projective and all maps are undistorted. 
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Given (bounded) F-modules V and W, we denote by Hom(6)(G, W) the 
space of all (bounded) M-linear homomorphisms from V to W, and we 
denote by Hom|),^(F, Vh) the subspace of Horn (ft)(G, Vh) whose elements 
are F-equivariant. 

The following lemma is a simple exercise in homological algebra: 

Lemma 2.6. Given two (b-)projective V-resolutions Em and E'j^ of the 
same module M, there exists a (bounded) chain T-map (p^'.Em —>■ E'^ 
which extends the identity on M. This map is unique up to (hounded) 
T-homotopy. 

Dually, if V is any (bounded) T-module and ipi, ip 2 'EM —>■ E'j^ are as 
above, there is a (bounded) T-homotopy between and V) 

Hom*^)(F;M, V). 

Notice that, for every F-set S, the space M5 is a bounded F-module and 
Ct:{S) is a bounded F-complex, whose augmentation is a F-projective and 
F-6-projective resolution of M, if F acts on S as in Lemma 12.21 

Definition 2.7. Let F be a group, and let F' := {Fjjjg/ be a finite non¬ 
empty parametrized family of subgroups (this means that we allow repeti¬ 
tions among the Fj). We call such (F,F') a group-pair. 

Definition 2.8. Given a group-pair (F,F'), let IT be the F-set jJ^g/F ~ 

F X / (where F acts on IF by left translation of each copy of F). We consider 
the complex 

St = St*(IF) := a(F X I). 

Let St ' be the F-subcomplex of St with basis given by the tuples (xq, ... ,Xk) G 
(F X for which there exists i € I such that xj G F x {i} for all 

0 < j < A: and Xj G xoFj for every 1 < j < A;. Finally, let St := St */ St ( 
be the quotient F-complex. If G is a (bounded) F-module, the (bounded) 
cohomology of the group-pair (F, F') with coefficients in V is the 
cohomology of the cocomplex 

St^^;*(F,F';I^) := Hom5,)( St G), 
and it is denoted by FA*j^(F, F'; G). 

The complex St^®^(F,F') is provided with a natural norm, hence we can 
equip St|^j*(F, F'; G) with the corresponding norm, which descends to 
a semi-norm on H*^-^((T, F'; V). 

By Lemma [22] it is easily seen that St()®^(F,F') induces a F-projective 
resolution of the F-module A := ker(M(F/F') —>■ M). Moreover, Lemma 
12.21 could be easily adapted to the normed setting, proving that St h') 
is 6-projective for all k > 2. Mineyev and Yaman also proved that the 
boundaries of the complex St(^®* —>• A —0 are undistorted, hence the 
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resolution Stl^^ is 6-projective (see [MY( Section 8.3]). It follows by Lemma 
M\ that the relative (bounded) cohomology of (L, F') is computed by any 
F-equivariant (6-)projective resolution of A up to canonical (bilipschitz) 
isomorphism. Even if we don’t actually use the fact that St(]®* provides a 
6-F“projective resolution of A, we will use the following result (proven in 
[MYt Section 10]). For completeness we provide a proof of it in Addendum 

EH 

Proposition 2.9. [MY] The relative cone] Fix y € IF. There is a (non- 
M-linear) map: 

[y, 

called the relative cone, such that || [y, 6]i.ei|| < 3||6|| for all b G St^®* and 
d[y,z] = z for any cycle z G St^®^ with respect to the augmentation map: 
Stfi ^ A. 

It follows in particular that 

Corollary 2.10. [MY] Equation (29), p. 38] Fix y G IF. Let (3 G 
St 2 ®^^, T; E). Then: /3 — [y, 9/3]rei € St^^Hrjr;^) is a cycle, and therefore 
also a boundary by the exactness of St^®^. Hence, if a € St^(F,F';E) is a 
cocycle, we have 

(3) {a,f3) = {a,[y,d(3]rei) 

Remark 2.11. A more general notion of relative bounded cohomology for 
pairs of groupoids is developed in [Bla m- By unravelling the definition of 
relative bounded cohomology given in [Blal4] Definition 3.5.1 and 3.5.12], 
it is possible to see that those dehnitions are isometrically isomorphic. We 
refer the reader to Proposition 18.181 in Addendum 18.21 for a proof of this 
fact. 

3. Hyperbolic group-pairs and cusped-graph construction 

Given a graph G, we denote by d := do the graph-metric on G. This is 
the path-metric on G induced by giving length 1 to every edge in G. Now, 
let Y be a simplicial complex, with 1-skeleton = G. Given a vertex 
vq G Y^^) and a number I? > 0, we define the ball Br{vo) with radius R 
centered in vq as the full subgraph of Y whose vertex set is {v G Y^^^ = 
; dciv, uo) < R}. Notice that this definition is slightly in contrast with 
the usual notion of balls in metric spaces, since we do not equip the whole 
Y with a metric if dim Y > 2 and, even if Y = G, there could be a point p 
in the middle of an edge e such that p G Bji{vo), but dG{p,vo) > R. More 
generally, if A C and r G N, we denote by ^{A) the full subcomplex 
of Y whose vertex set is {u G Y^^^ : dciv, A) < r|. 

Let S' ^ 1 be a symmetric finite generating set of a group F, and consider 
the associated simplicial Cayley graph G®^™p(F, S). This is the simplicial 
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graph (i.e. no double edges allowed) whose vertex set is F, and with a single 
edge connecting 71 with 72 in T if and only if 717 ^^ € S. In Section [5] we 
will consider a non-simplicial version of that graph. 

There are many equivalent definitions of relative hyperbolicity for a 
group-pair (r,r'). We choose the one introduced in [GMOH) p. 21, Defini¬ 
tion 3.12; p. 25, Theorem 3.25(5)] which is based on the following cusped- 
graph construction. In particular, we will restrict our attention to the case 
when T is finitely generated and T' is a finite family of finitely generated 
subgroups of r. A (combinatorial) horoball = J^{G) on a graph 
G is the graph whose vertex set is parametrized by G^ x N, and with the 
following edges: 

• the full subgraph of whose vertex set is G^^^ x { 0 } is a copy of 

G; 

• there is a single edge between {g, n) and {g,n + l), for every {g, n) € 
G X N; 

• there is a single edge between {g, n) and {h, n) if and only dcig, h) < 
2 ”. 

Definition 3.1 (Cusped-graph). Let (r,r' = {Tjljg/) be a group-pair of 
finitely generated groups, and consider a symmetric finite generating set 
5* ^ 1 of r such that S' fl Fj is a finite generating set of Fj for every i 
(i.e. S is compatible). For every i ^ I and left coset ^Fj of Fj in F we 
consider the combinatorial horoball on the subgraph g'G®™P(Fj, S' D Fj) of 
Gsimp(r, S). We glue those horoballs to G®™P(F, S) in the obvious way (see 
[GMn 8 ( p. 18] for more details). We obtain in this way the cusped-graph 
A. 


We denote by the triple {g,i,n) G F x / x N a vertex of the cusped-graph. 
Notice that (< 7 , f,0) and (fi'ji, 0) denote the same vertex for all i, j € I. We 
call the parameter n in {g,i,n) the height of the vertex {g,i,n). Given a 
natural number n and a horoball the n-horoball associated with 
is the full subgraph of X whose vertices are the ones contained in Jif 
with height at least n. 

We will need the following result from [GMOS] . 

Proposition 3.2. |GM08l Lemma 3.26] If the cusped-graph X constructed 
in Definition \3.1\ is 6~hyperbolic and C > 5, then the G-horoballs are convex 
in X. 

Remark 3.3. From now on we fix some constant G > 5, G > 1. 

Remark 3.4. Notice that, by our definition, a cusped-graph is necessarily 
simplicial. Groves and Manning explicitely allow multiple edges in their 
definition of cusped-graph. We avoid double edges because we want to 
consider a cusped-graph as contained in every Rips complex over it (see 
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the next section). By Remark 16.41 we can apply all relevant results of 
[GMOS] also in our setting. ■ 

Definition 3.5. 1 [GM081 Definition 3.12; Theorem 3.25(5)]) Let (r,r') be 
a group-pair of finitely generated groups. The pair (T, T') is (relatively) 
hyperbolic if the cusped-graph of (T, T') is a Gromov hyperbolic metric 
space (with the graph metric). 

4. Rips complexes on cusped graphs 

Definition 4.1. Given a graph G and a parameter 1 < a € N, the Rips 
complex Mk{G) on G is the simplicial complex with the same 0-skeleton 
as G, and an n-dimensional simplex for every set of n -|- 1 vertices whose 
diameter (with respect to the metric of G) is at most k. 

Notice that, since fe > 1, G is naturally a subcomplex of ^k{G)- We 
need the following fundamental result about Rips complexes over Gromov 
hyperbolic graphs. 

Lemma 4.2. Let G be a 5-hyperbolic graph. Then ^k{G) is contractible 
for every k > 4:6 + G. 

By considering the proof of Lemma [4. 21 given in [BH991 Proposition 3.23], 
it is possible to derive a more precise version of this lemma (see Corollary 

Ml- 

Notation 4.3. Let G be a graph, and let be a Rips complex 

over G. Then G and induce two metrics do and d.^ on G^^^ = . For 

i? > 0 and a vertex vq, we denote the full subcomplex of whose vertex 
set is {x G G^^) : dc{x, xq) < R} by B^{vq), and refer to it as a G-ball. 

Given a Rips complex Mk{G) over G, we have, for every I G N and every 
vertex v, the equality 

(4) Bgiv) = Bi{v). 

Definition 4.4. Given a topological space Z and two subspaces Wi and 
W 2 , we say that there is a homotopy from Wi to W 2 if the inclusion Wi ^ Z 
is homotopic to a map /: Wi —>■ Z whose image is VF 2 . 

A (geometric) simplex in a simplicial complex Z is determined by the set 
of its vertices. If xq, ... ,Xn are non-necessarily distinct vertices in Z, we 
denote by [xq, ... ,Xn] the corresponding simplex (if there is one). Notice 
that the dimension of [xq, ..., Xn] could be less than n. 

Definition 4.5. If Z is a simplicial complex, Wi and W 2 are subcomplexes 
of Z, and wi G Wi and 1 x 2 G W 2 are vertices, we say that W 2 is obtained 
from Wi by pushing wi toward W 2 if the following conditions hold: 
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(1) for every set of vertices {xq, • • •, Xn} G \ {rci}, [xq, • • •, Xn, rci] 
is a simplex in Wi if and only if [xq, • • •, Xn, u’ 2 ] is a simplex in W 2 ; 

(2) in that case, [xq, • • •, Xn, 1 x 1 , 102 ] is a simplex in Z. 

Notice that it follows that \ U { 1 x 2 }- Under the 

conditions of Definition 14.51 there is an obvious simplicial homotopy from 
lUi to W 2 . 

Lemma 4.6. [BH991 Proposition 3.23] Let G and be as in 

Lemma Let K be a eompaet subcomplex of and let vq € be 
a vertex. Then, it is possible to inductively homotope the complex K into 
a sequence of subcomplexes Kq = K, Ki, , Km = {uq} in such a way 
that: 

(1) there is a sequence of vertices x* € Kf’^ such that 

dG{vo,Xi) = max{dG{vo,y):y € 

(2) Ki^i is obtained from Ki by pushing x* toward some vertex yi such 
that dG{vo,yi) < dG{vo,Xi). 

Corollary 4.7. Let G be a 6-hyperbolic locally compact graph and let n > 
4(i + 6 . Then every G-ball B^{vq) C is a contractible topological 

space. 

Proof. In the notations of Lemma 14.61 simply note that, by point (2), the 
Ki are contained in B^{vo). □ 

Given a Rips complex over some cusped space X, an (n-)horoball 

of is the full subcomplex of having the same vertices of an 

(n“)horoball of X. Recall that we have fixed a constant C > 5 (Remark 

[ 331 ). 

Corollary 4.8. Let X be the cusped space of a relatively hyperbolic group- 
pair (r, r') (with respect to some finite generating set S as described above) 
and let 5 be a hyperbolicity constant of X, which we can assume to be an 
integer. Then, for k > 45 + 6 , the Rips complex Si = t%n{X) is con¬ 
tractible, with contractible C-horoballs. Moreover, the balls of are 

also contractible. 

Proof. The last assertion follows from Corollarv [4.3l and Equation (|4l). Now, 
let R be a compact subcomplex contained in some C-horoball Jifij (recall 
that J^c is convex). Let vl = {g,i,n) be the lowest vertex of K, and let 
D ■.= max{(ix(PLj v) :v G K^^^}. Then, it is easy to see that K is contained 
in the X-hal\ B^_^fig,i,n + D). Put r := D + 1 and vq := {g,i,n + D). 
Then, the X-ball B(f{vo) contains K and is contained in 

With the notation as in Lemma 14.61 consider the sequence of compact 
sets Ki, ..., Km which collapses to the point vq . Those Ki are contained in 
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B^{vq) C Jifc- 1 - We now prove that the Ki are actually contained in J^c- 
Indeed, Ki C J^c by hypothesis. Suppose by induction that Ki contains no 
vertices of height C — 1, and suppose that the vertex lUj+i G iHi+i \ Ki has 
height C—1. Let Wi G iL* be a vertex such that dx(wi+i, vq) < dx{wi,vo). 
Then we get a contradiction, because dx{wi+i,vo) > height(i;o) — (C~ 1) > 
r, and dx{wi,vo) < r because Ki C B^{vq). 

Hence K is contractible in By the arbitrariness of the compact 

subcomplex K, it follows that all homotopy groups of J'Pc are trivial and 
the conclusion follows by Whitehead’s Theorem. 

□ 

Notice that, in order to prove that C-horoballs are contractible, we have 
actually proved the following more precise statement. 

Proposition 4.9. Every compact complex K in some C~horoball M’c Is 
contained in a contractible space B^{vq) H for some r > 0 , whose 
diameter in is linearly bounded by the diameter of K. 

5. Filling inequalities on 

If y is a CW-complex, by C^,(Y) we mean the real cellular chain complex 
of y, i.e. the complex with real coefficients. We denote 

by Zk{Y) the subspace of cycles of CkiY). There will be no confusion 
with the notation of Section [2j Notice that, if y is a simplicial complex, 
the cellular chain complex ■ ■ ■ C 2 {Y) —>■ C'i(y) —C'o(y) —>■ M —)■ 0 is 
identifiable with the simplicial chain complex of oriented simplices. This 
is the chain complex whose fc-th module is the real vector space generated 
by tuples {yo,... ,yn) up to the identification 

(yO) • • • ) Uii ■ ■ ■ 1 Vj 1 ■ • ■ J Un) — ~{y 0 i ■ ■ ■ 1 Vj-I • • • ; Ui^ ■ ■ ■ ^ Un) 

(see [Mun84l Chapter 1, paragraph 5] for more details). 

We see a simplicial chain c G Ck(Y) as a finitely supported map from 
the set of n-dimensional oriented simplices of Y to M, and we define the 
support Supp (c) of c as the set of unoriented n-dimensional simplices A 
of y such that c{a) ^ 0 , where a is one of the two oriented simplices over 
A. By maxhc (minhc) we mean the height of the highest (lowest) vertex 
of simplices in Supp(c). We denote by Supp^*’^(c) the set of vertices that 
belong to some simplex in Supp (c). If H is a subset of Y and c = AjCJj 
is a simplicial fc-chain, we define the restriction of c to H as the chain 

cm := ^ \iOi. 
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5.1. A local lemma. From now on we assume that satisfies 

the hypotheses of Corollary 14.81 Recall that C is a fixed constant greater 
than 5. 

Lemma 5.1 (Local lemma). For every i > 0, there are non-decreasing 
functions: 

R: N N Mioc : N X N M>o 

such that, for every D G N>i, pq € and z € such that Supp z C 

Boivo), there is a G Ci+i{^K) such that: 

(1) da = z; 

(2) Suppa C R^p)(r;o); 

(3) ||a|| < Mioc(L),maxh( 2 ;))|| 2 ;||; 

(f) if z is contained in some C-horoball, then a is contained in the 
same C-horoball (C as in Remark \3.3\) . 

Proof. Fix integers h,D and j G I. Let ci, ..., Cn be the collection of 
the i-dimensional simplices contained in h)). Let zi, ..., Zm be a 

basis of the subspace of cycles in (ci,..., Cn)^, which extends bases of the 
spaces of cycles contained in the C-horoballs. We choose oi, ..., am so 
that dai = zi, ..., dam = Zm- If Zk is not contained in any C-horoball, 
the chain may be chosen in B£){{l,j,h)), since this is contractible by 
Corollary 14.81 Otherwise, if z^ is contained in some C-horoball, we take 
af^ in the subcomplex B^{vq) contained in that horoball, as described in 
Proposition 14.91 

We extend the map z^ i—)• by linearity, obtaining a linear map 

between normed spaces, where the first one is finite dimensional. Therefore 
0h,j,D bounded. 

Let now z he a cycle in Ci{MK) with diam( Suppz) < D, and maxh(z) < 
H. Up to F-action, we may suppose that 2 ; contains a vertex of the 
form (l,j,/i) for some h < H, and j G I. It follows that Supp 2 ; C 
B£){{l,j,h)). Then we put a := Since {h,j) is an element of 

the finite set {1, 2 ,... , Ff} x /, we may bound the norm of a uniformly, and 
put Mioc(L>, H) := max{||0'^d,^|| : h < FF, j G /}. □ 

5.2. Finite sets of geodesic segments in hyperbolic spaces and fill¬ 
ing ineqnalities. The results we are going to present are inspired by the 
well-known fact that geodesics in hyperbolic spaces can be approximated 
by embedded trees (see [GdlH9n[ Chapter 2]). The idea is that a set of n 
geodesic segments resembles a simplicial tree where all pairs of edges having 
a point in common diverge very rapidly from that point. In other words, 
the vertices of the tree are the only points near which two edges may be 
close to each other. Moreover, this tree is finite, and the number of vertices 
and edges depends only on n. Hence, we can split this tree into a set of 
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balls of fixed diameter and a set of subedges that are very far from each 
other. 

Let A: > 1 and let z be a fc-dimensional cycle. If Suppz is contained 
in an L-neighborhood of a set of n geodesic segments, we will be able to 
express it as a sum of edge-cycles and vertex-cycles, that we can fill using 
the Local Lemma ED and Corollary 15.31 respectively. Therefore we will be 
able to fill z with some control of its norm, as described in Theorem 15.61 
Some of the methods of this section are inspired by the proof of [Min99[ 
Lemma 5.9]. 

Let [0, 17 I] 9 t i-A 7 (t) be an arc-length parametrization of a geodesic 
segment 7 (where I 7 I is the length of 7 ) in some metric space W. Let 
X = 7 (t), for some t € [0, 17 I], and let s € R. By “ 7 (x -t- s)” we mean the 
point ^{1 + s), if this is defined. Otherwise, if t-|-s > I 7 I (t-|-s < 0) we put 
7 (x s) := 7 (| 7 |) ( 7 (x s) := 7 ( 0 )). If t < r and y = 7 (r), by 71 we 


mean the restriction of 7 to the interval [t,r] (or its image in W). 


[^,y\ 


Lemma 5.2. Let i>l. Then there are functions i?:N— 
and L : N X N —>■ R which satisfy the following properties: let z G Zi[^if) he 
such that Suppz C for some geodesic segment 7 and 5 € N. Then, 

for R = R{S) and D = D{S) there is an expression 

Z = '^Zk 
k 

where the Zk are cycles such that 

(1) Suppzfc C i?^(xfc), where Xk ■= jikDD/2); 

(^) Efe ll^fcll < L(S',maxh(z))||z||; 

(3) if Suppz C JifQ for a C-horoball Jifc, then the same is true for 
every z^. 


Proof. Take D > 2S ->r 3. Let y^ := 'y{kD). We put 


^ |■B(fc+l)£)(^/o) \BkD{yo) 

In other words, Zk is the restriction of z to the set of simplices contained 
in B(k-ei)D{yo) that are not contained in Bkoivo)- It follows immediately 
that z = het us put: 

R:=D/2 + 2S r:=5+l. 

Notice that D > 2S 2 = 2r. We have: 

(5) 

Suppzfc c ^( 7 ) n {B(^k+i)Diyo) \ BkD-iivo)) ^ ^D/ 2 + 2 s(®fc) = Bn^Xk). 

In fact, let n be a vertex in rAsil) O {B(^k+i)D{yo) \ BkD-i{yo))- Let x € 7 
be such that d{v,x) < S. Notice that x G -B(fc+i)_D+ 5 ( 2 /o) \ BkD-i-s ( 2 / 0 ), 
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i.e. kD — S < d{yo,x) < {k 1)D + S. Hence d{x,Xk) < D/2 + S, and 
d{v,Xk) < d{v,x) + d{x,Xk) < D/2 + 25, whence the second inclusion in 
([5]) follows. It follows from ([5]) that 

Now, from the first inclusion of ([5]) we get 

Supp(°)(0Zfc) C 

^s{l) n (X): kD < d{yo, x) < kD + l| U 

u|xG.^®(X):(A:+1)Z)-1 <d{yo,x) < (A: + !)£»}) C 

C Bs+i{^{kD)) U Bs+i{i{{k + 1)D)) = Br{yk) U Briyu+i)- 
Therefore, since the last two subcomplexes are disjoint, we can put 
dzk = b'k + bk Suppftfc C Br{yk), Supp6fc C Br{yk+i)- 
Notice that ||6'^|| + ||5fc|| = \\b/ + bk\\ < {i + l)\\zk\\ < (^ + We 

have 

0 = dz = '^dzk = '^bk + b/ = '^bk + 6fc+i. 

k k k 

By looking at supports, we note that it follows that bk = —Since 
b'k + is a cycle (in the augmented simplicial chain complex of I%t/) and 
bk and b/ have disjoint supports, it follows that bk and b/ are cycles too, if 

their dimension is at least 1. The same is true if the b/' are O-dimensional. 

Indeed, it is easy to see that 6g = 0, hence bo = b[ is a cycle. By induction, 

//\ 

if b'j^ is a cycle, it follows that bk = b/_^_^ is a cycle too. Hence all the b/ 
are cycles. 

We fill bk and b'^ by and Uk using the local lemma, and we also require 
that a'f^ = —ak-i- Since bk and 6^ have diameter bounded by 2r, by the 
local lemma we have a function T(5, •) := Mioc(2r, •) = M|oc(2(5 + 1),-) 
such that ||afc|| < L(5,maxh(6fc))||6fc||. li H = maxh( 2 ;), then 

(7) ||afc|| < L(5,maxh(6fc))||6fc|| < L{S,H){i + 

Hence also 


(8) 11411 = llofc-ill < L{S,H){i + 

We put 

Oik ^k- 

By dSl) , © and ([8]) , there is a function L': N x N ^ M such that 
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We have dzk = bk + b'j^ — b'^ — bk = 0, and 

'^Zk = '^Zk-a'^-ak = '^Zk-'^'a^ + ak = z-'^af^ + afc-i = 
/c /c /c k 


Finally, since the balls Bji^u^Xk) and Bii^£){xk+ 5 ) have disjoint supports 
(because 45* < 2D 2R = D + AS < 3D 2{R + D) < 5D), we have 

4 


E 




BR+oi^k) 


E 


E ^ 

k=j mod 5 


BR+D{^k) 


<5|k 


Therefore, Condition (2) in the statement holds with L{S, H) = 5L'{S, H). 
Finally, (3) follows from the local lemma. □ 


Corollary 5.3. For every i G N there are functions S' :N —)■ N and 
.^thin : N X N — 7> M such that, for every geodesic segment 7 and every cycle 
z € with Suppz C ^si'y) for some S > 0, there is a filling a of z 

with Supp a C ( 7 ) and such that 

||a|| < Mthin(5',maxh(2;))||2;||. 

Moreover, we may impose that a is contained in a C-horoball M’c, if the 
same is true for z (C is as in Remark \3. 3\) . 


Proof. Split z as the sum of the cycles Zk be as in the previous lemma. Now, 
let R = R{S) as in the previous lemma. If Suppz D Bii{xk) 7 ^ 0, we have 
maxh(zfc) < maxh(i?j:j(xfc)); otherwise it is clear from the construction of 
Zk that Zk = 0. In any case we have maxh(zfc) < Supp (z) + 2R. Moreover, 
by (1) of the previous lemma, maxdiam( 2 ;fc) < 2R. Fill Zk with as in the 
local lemma, and put a = 'Yfk O'k- Let Mioc : N x N —>■ M be as in the local 
lemma. Hence 

||a|| < ^ llafell < 

k 

< Mioc(Riaxdiam( 2 ;fc), maxh( 2 ;) + 2R) E Ikfcll < 

k 

< Mioc(2i?,maxh(z) +2R) L(S',maxh( 2 ;))|| 2 ;||. 

So we can put Mthin(<S') b) := Mioc(2i?, h + 2R)L{S, h). □ 

The next lemma holds for every (J-hyperbohc space X. 

Lemma 5.4. Let ai, ..., an be n geodesic segments. Then, for every 
S' G N, there exist constants R = R{S,n), p = p(n), q = q{n), points xi, 

..., Xp G X and geodesic segments 71 , ..., 7 ^ such that 

n p q 

y afc c [J BR{xi) U |_| 

k=l i=l j=l 

where the jj are S-far from each other. 
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Proof. We prove the statement by induction on n. The case n = 1 is 
obvious. Suppose that the statement is proved for n — 1 segments, and put 


p = p{n — 1 ), q = q{n — 1 ). 


Hence we have balls Br{xi), ..., B^ixp) and geodesic segments 71 , ..., 7 ^ 
associated with oi, ..., 0^-1 as in the statement. We fix an orientation 
on On and for every 1 < j < q such that d{'yj,an) < S (here d denotes the 
distance between sets) we denote by Xj (resp. yj) the first (resp. the last) 
point on Un such that d{xj,jj) < S, d{yj,jj) < S. By hyperbolicity, it is 
easy to see that 




[xj-\-S-\-S,yj—S—S] 


C ^25 (7i) 


(some of these intervals may be empty). Since the 'jj are {2S + 6(5 + l)-far 
from each other, we claim that, up to reindexing, we have 


xi < yi < X2 < y2 < ■ ■ ■ < Xk < yk 

for k < q. Indeed, Xj < yj by definition. Moreover, the points between Xj 
and yj are {S + 3(5)-close to jj. Since there cannot be points in X that are 
{S + 3(5)-close to two different 7 ^, we have [xj,yj] n [xk,yk] = 0, for j ^ k, 
whence the claim. 

The segments of type (where by yo and we 

mean the left and right extreme of an respectively) are S'-far from all the 
7 j and (25 + 2(5)-far from each other. Adding to the 'jj the segments of 
type an|j^ and to the H/j(xi) the balls of type Bs+sixj), 

Bs+s{yj) we complete the inductive step. □ 

We need in Theorem 15.61 a stronger version of the lemma above in order 
to deal with 1-dimensional cycles. In the notation of Lemma 15.41 we say 
that two distinct balls Bi and B 2 are linked if there is a 'jj such that 
d{'yj,Bi) < S, d{'yj,B2) < S and, if vi,V2 € 7j are such that d{vi,Bi) < S, 
d{v2,B2) < S, there is no point V3 € 7 j between vi and V2 such that 
d{v3,B3) < S, for some ball B^ distinct from Bi and B2. We thus get a 
graph structure on the balls of Lemma 15.41 

For any r € N, we call r-cycle a sequence {Bu}uez/rZ of x distinct balls, 
with Bu linked to Bu+i for all u E Z/rZ. In the following lemma we prove 
that, if the balls are sufficiently far apart, there are no r-cycles for r > 3. 
Hence the graph is a forest, i.e. a graph which is a disjoint union of trees. In 
particular, we will be able to talk about leaf-balls, i.e. balls that correspond 
to vertices that are ends of at most one edge. Notice that, in the conditions 
of Lemma (5.51 for any pair of balls Bi and B 2 , there is at most one 7 j such 
that d{'^j,Bi) < S and d{'yj,B2) < S. 
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Lemma 5.5. Suppose that we have an inclusion 

n p q 

IJ Ofc C [J Br{Xu) U |_J ^25{lj) 

k=l 11=1 j=l 

where the and 7 j are geodesic segments, and the jj are S-far apart, for 
some S > {p + 6)(5. 

Moreover, suppose that the Xu are 2p{R + S)-far apart. Then there are 
no r-cycles, for any r > 3. 

Proof. Up to reindexing, we may suppose that the balls Br{xi), .., Bji^Xr) 
constitute an r-cycle. Put B^ := Br{xu)- We slightly abuse notation by 
identifying the natural numbers 1, r with the corresponding elements of 
Z/rZ. Let lu be the minimal subsegment of some 'jj such that the ends of 
lu are 5-close to Bu and B^+i respectively. 

In the following, we denote by [xu,Xu+i]' the subsegment of [xu,Xu+i] 
which is outside the balls Bji^s{xu) and Br^s{xu+i)- By 5-hyperbolicity, 
the Hausdorff distance between 1^ and [xu-,Xu+i]' is at most 45. For a 
geodesic r-agon in a 5-hyperbolic space, any edge is contained in the (r — 
2)5-neighborhood of the union of the other edges. Hence [xu,Xu+i] C 
Ufc^„-^r- 2 ) 5 ([a:fc,a;fc+i]), therefore 

C 'P^(r—2)5i[xkj Xk+l] ) U BR_^_g_^_^^_2'^sixk) 

k^u k^u 

Since the length of [xu,Xu+i\' is at least 2p{R +S)— 2{R-\-S) > (r —l)(i? + 
5+(r —2)5), it follows that the r —1 balls H^+ 5 '+ 7 _ 2 ) 5 (xfc) can’t cover all of 
[xu, Xu+i\' ■ Hence there is some k ^ u such that d{[xu, Xu+i]', {xk-,Xk+i\') < 
(r — 2)5. Since the Hausdorff distance between lu and [xu,Xu+i\' {h and 
[xk,Xk+i\') is at most 45, it follows that the distance between lu and Ik is 
less than (r + 6)5 < {p + 6)5 < 5, whence the contradiction. □ 

We now consider the problem of filling cycles whose supports are close 
to geodesic segments. 

Theorem 5.6. Let n, i, L G N, i > 1, and let C & N be as in Remark 
Then there exists L' = L'{n,i,L) € N such that, for every cycle 
z € and every family of geodesic segments ai, ..., an such that 

Suppz C jVi{ai U ... U an), there exists a € Ci+i{^^n) with da = z and 

(9) Suppa C Suppz). 

In particular, up to increasing V, we have Suppa C M^y{ai U ... U an), 
and maxh(a) < maxh( 2 ;) + L'. Moreover, there exists a function M = 
M (n, i, L): N —7> N such that 

(10) ||a|| < M(maxh( 2 ;))||z||. 
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Finally, we can require that, if z is contained in some C-horoball, a is 
contained in the same C-horoball. 

Proof. Let N 9 S = 2L + 45 + 1. Let R = R{S, n), p = p{n) and q = q{n) 
be as in Lemma 15.41 in such a way that for some vertices Xu and geodesic 
segments 7 j which are S'-far from each other 

p <? 

(11) U afc C Br{xu) U |_| JFisirij)- 

k u=l j=l 

Let z be a cycle whose support is contained in an L~neighborhood of the 
au. Hence 


( 12 ) 


p g 

Supp z C U Br+l{Xu) U |_| ^5+l(7j). 

u=i j=i 


The fact that the PPzs+Lilj) are pairwise disjoint is a consequence of our 
requirements on S. 

By suitably choosing a subset I of {1,... ,p}, we get that there exists 
R + S + 1<R'< {2p + 1)P{R + S' + 1) such that the Xu, u & I, are 
2p{R' + S) far apart, and IJS^i ^R+5+i(a^«) ^ Uu&i Indeed, the 

case p = 1 is trivial. Otherwise, if two balls Br+s+i{xui) and Br^s+i{xu 2 ) 
are not 2p{R + S) far apart, we consider the balls for 

all u ^ U 2 . We have that Bn+s+iixui) U BR+s+iixu 2 ) ^ B 2 p(R+s+i)ixui)- 
Then we continue by reverse induction on p. 

We have 
(13) 

p q q 

Supp Z C u Br+L+i{Xu) U |_| ,jV2Sj^L{'lj) F 1^ Br>{Xu) U |_| ^5+L(7i)- 

u=l j=l u£l j = l 


Put 


U)Li •^<5+i(7j) 


There is a unique expression 


<? 

z' = where Suppz^^. C ^ 25 +L{lj)- 

By ([13]) and the definition of z' and Um=i Br^i^^x{xu) F Bri{xu) we 
get 


Supp5z.^^ C \_\Bri{Xu). 
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Hence we can put: 

(14) dz^. = Snpp 6 “ C Br>{xu) 

uGl 

(this expression being unique). 

Suppose that i > 2 . Then, by (fTTll and the disjointness of the 
u € I, the 6 “ must all be cycles. 

The same is true if i = 1. Indeed, let Bji'(xu) be a leaf-ball as in Lemma 
15.51 Fix a 7 ^. There are three possibilities. If d{'yj, Bjii{xu)) > S then 
bj = 0. If d( 7 j, Bjii{xu)) < S and d{'yj, B^i{xk)) > S for every k ^ u, then 
6 “ = dz^.. In both cases 6 “ is a cycle. Suppose now that there is some 
ball BRi{xk), k u such that d{-fj, BR/^Xk)) < S, d{'jj, Br:{xu)) < S. By 
definition of leaf-ball, there is at most one such j. For any u, the sum 
6 “ -|- K is a cycle. Since the 6 “ in the sum are all cycles, it follows 

that bj is a cycle too. Hence in any case, if u corresponds to a leaf-ball, 
all b'j are cycles. By an inductive argument, we can apply the same line of 
reasoning to the balls that are connected to leaf-balls. It follows that all 6 “ 
are cycles. 

Let a“, u € /, be such that = 6 “ as in the local lemma. By definition 
of z', 

Supp( 2 : - /) C y Br^{xu). 

U^I 

For u G I, let Zu be the restriction of z — z' to Bri{xu)- Then 


=' = E 


u£l 


and 



+ E''? 

)=E 

u€l \ 

i=i 

/ uei 


= 0 

Vtt G I, 






i=i 


the implication being true because the Bri{xu) are disjoint. The chain 
~ is ^ cycle (by ([IlD), and ^ = Zu + Oj, for uG I, 

is also a cycle by the equality above. By summing, we get 
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“ X] X] ~ y~! +y^^zu—z. 

j = l u£l j = l u£l u£l j = l j = l u£l 

For all u, Supp ZuU\Jj Supp bl ^ Br/ (xu)- By the local lemma, there is a 
constant R" = R''{R') such that |J^- Suppa^ C Bjiii{xu), hence Suppz^ ^ 
Br"{xu) too. Analogously, we have Suppz.y^. U |J^ 6“ C ^ 25 +Lilj)-, hence 
also Suppz.^^. C Suppz..^^. U|J^a“ C jy's'ilj)-, where we can put S' = 
max {2(5 + L, R"^. 

We fill the and the by and a^y. as in the local lemma and 
Corollary 15.31 respectively, and put 

q 

CL . — ^ ^ Liu -{- ^ ^ ■ 

uGl j=l 

By the local lemma again, the filling of Zu has support contained in some 
Briii{xu), where R'" only depends on R". Finally, by Lemma [531 we get 
that Suppa.y^. C for some S" which only depends on S'. Hence 

Condition (|9]) is easily verified, and we can put L' = maxIS"', R'"}. 

In order to check the condition about the horoballs note that, if z is 
contained in some C-horoball, then all the and Zu are contained in the 
same C-horoball. Hence, by (4) in the local lemma and (3) in Corollary 
15.31 the same is true for the and the 
We are finally left to prove (fTUl) . Let 

K := max{Mthin(*S'^^ maxh(z) + S"), Mioc(2i?^^ maxh(z))}, 

where Mthjn is the function of Corollary 15.31 and : N x N —>■ M is the 
function of Point (3) of the local lemma. Then 

Lq^yj 11 ^ K I ^ 11 -2^1111 T 

u^I j=l yuGl 

- X] X] II’ X] II^T'ill - X] II^T'J II X] ll“f II' 

U U uj j j uj 

By disjointness of the supports of the Zu and the 'Zyj we get 

Ilwll = II ^ w|| < ll^^ll ^ 11^7^ II = II II - ll^ll' 

U U j j 

Now, from the construction of the 6“, we get maxh(5“) < maxh(z). Since 
the a“ fill the 5“ as in the local lemma, we get 

^ ||a“|| < Mioc(i?',maxh(z)) ^ ||6“||, 

uj ju 

because the 6“ are contained in balls of radius R'. □ 


q 

a|| < ^ ||a«|| + ^ 
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6. Proof of part (a) of Theorem 11.11 

The following homological lemma helps us to outline the strategy we 
intend to pursue in order to prove Theorem 11.11 (a). 

Lemma 6.1 (Homological lemma). Let (r,r') he a group-pair. Let St* and 
St be as in Definition \2.8l The augmented complexes St : = St * —>■ M —> 
0 and St(+ : = St* ^ M(r/r') —)■ 0 are T-projective resolutions o/M and 
M(r/r'). In general, by a map between resolutions of the same T-module 
M we mean a chain T-map that extends the identity of M. Let (pi\ St* — 
St*, i = 1,2 he chain T-maps which satisfy the following hypotheses: 

(1) extends to a map between resolutions ipf : St+ —> St+; 

(2) ifi restricts to a map ip [: St(. —St*; 

(3) (/?( extends to a map between resolutions '■ St(+ —)■ St(+. 

Then there is a T-equivariant homotopy T between ipf and that restricts 
to a homotopy between andip'^ (in StGiven a T-module V, the dual 
maps ip^ and of p\ and p 2 induce homotopically equivalent maps on the 
complex Hom'"( St */St *, P) =: St’’®^*(r, P'; P), for every T-module V. 

We will apply the homological lemma to the diagram 


(15) 


st2(r) ^ ^ st2(r) 

sti(r) ^ ^ sti(r) 

sto(r) ^ ^ sto(r) 

M ^ M M 

0 0 0 , 


where 3^^ = ^k(-^) and k > + 6 as in Corollary 14.81 

We wish to prove that the composition (/?* o ■!/;* satisfies the hypotheses 
of the homological lemma, and that o p^{f) = f o pn ° fJn is a bounded 
cocycle for every n > 2 and for every cocycle / € Hom^(Stn;P)- This 
will prove the surjectivity of the comparison map since, by Lemma l6.11 for 
any given cocycle /, the cocycle f op.^ofj^ is cobordant to / and bounded. 
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In order to fulfill conditions (1), (2), (3) of the homological lemma it is 
sufficient to find F-equivariant chain maps and - 0 * such that maps 
simplices in St' into simplices in the corresponding C-horoballs of and 
vice versa for ■ 0 *. 

We now define (/?*. If i > 1 we put ipo{g,i,n) := {g,i). Otherwise, we 
define ipo{g,0) := > 1 and an z-dimensional simplex 

[xo, ■■■ ,Xi] of Mn{X) we put 

(16) ipi{[xQ,...,Xi]) := ^ ^ e(7r)(v9o(a:^(o)),---,<Fo(a:^(i))), 

V-*- + 

TTtOi+l 

where Si+i is the group of permutations of and ^(vr) = ±1 is 

the sign of vr. The apparently cumbersome definition of the map y?* follows 
from the fact that in we have oriented simplices, whereas in St * we 

have ordered ones, and that the action of F on may map a simplex 

to itself, changing the order of the vertices. 

Much more effort will be needed for the definition of to which the 
rest of this section is dedicated. The fundamental tool that we will use is 
the bicombing defined in [GM08] . 

Definition 6.2. [MinOll Section 3] Given a group F acting on a graph G 
through simplicial automorphisms, a homological bicombing is a func¬ 
tion 

X G® ^Ci(G) 

such that dq{a,b) = 6 — a for all {a,b) € x G^^^. We say that q is 
antisymmetric if q(a, b) = —q{b, a) for all a,b ^ G^^\ and F— equivariant 
if 'yq{a,b) = 5 ( 70 , 76 ) for all 7 € F and a, 6 € G^^K Moreover, q is quasi- 
geodesic if there is a constant D > 0 such that, for all a, b a G^^^: 

(1) lk(a,6)|| < Dd{a,b); 

(2) Supp 5 (a, 6 ) C Mri([a, 6 ]). 

We note that, if G is a hyperbolic graph, the precise choice of a geodesic 
[a, 6 ] between a and 6 is, up to increasing the constant D, irrelevant. 

The homological bicombing Q in the following theorem is based on the 
bicombing constructed by Mineyev in [MinOlj . The relevant properties of 
Q are described in |GMn 8 ( Section 5] and [GMOSt Theorem 6.10]. 

Theorem 6.3. //(F,F') is a relatively hyperbolic pair, there is a bicombing 
Q on the associated cusped space X such that: 

(1) Q is quasi-geodesic 

(2) Q is T-equivariant; 

(3) Q is antisymmetric; 
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(4) there is K > 0 such that, for all a, h, c £ there are 1-cycles 

z = z{a, b, c) and w = w{a, b, c) such that 

• Q{d{a, b,c)) = z + w 

• minh(t(;) > C > 6; 

• ||z|| < K; 

• maxh( 2 ;) < K; 

• for all 7 G r, z{'ya,jb,'yc) = 'yz{a,b,c) and w{'ya,jb,'yc) = 
'rw{a,b, c); 

• z and w are contained in the K-neighborhood of [a, b] U [b, c] U 
[c, a]. 

Remark 6.4. Groves and Manning allow multiple edges in their definition 
of cusped graph (as already noted in Remark f3.4p . However, it is easy to see 
that, if X is the simplicial graph obtained by identifying edges of X with 
the same endpoints, the obvious bicombing induced by Q on X satisfies all 
of the properties of Theorem 16.31 See also |GM08l Remark 6.12] 

We want to find a decomposition {-ipk = Zk + Wk}k >2 '■ St *(r) —>■ 
of ifk into T-equivariant chain maps: {zk}k >2 and {wk}k >2 such that 

(A) ||zfc(A)|| is uniformly bounded independently of A G St^; 

(B) maxh( 2 ;fc(A)) is uniformly bounded independently of A G St^; 

(C) minh(r(;fc(A)) > C for every A G St^; 

(D) z* and re* map elements in the basis of St ' into C-horoballs. 

We now show how the conclusion follows from the existence of a map 
satisfying the four conditions above, and then we construct such a '0*. It is 
easy to see that, if an i-dimensional simplex s of Mk{X) is not contained 
in a single C-horoball, it must satisfy maxh(s) < 2 k + 2. For i > 2, let 
/ : St j/ St' —7> H be a F-equivariant map, that we see as a map defined on 
Stj which is null on St'. Then f o Ci^Ai^iX)) —H is a bounded map: 
in fact, 

sup{||/ o 99j(s)|| : s is an i-dimensional simplex in Mk{X)} = 

= sup{||/ o p>i{s) II : maxh(s) < 2k + 2} < oo, 

because, up to the Fraction, there is only a finite number of simplices s 
with maxh(s) < 2k. Moreover, f o o is also bounded since, for every 
simplex A G St(fc), 

11/ o^iO V^i(A)|| = 11/ o(piO 2;i(A)||, 
and Zi is a bounded map. 

We now construct "0*, inductively verifying that it satisfies conditions 
(A), ..., (D) above. Recall that, by our hypotheses, X is a subcomplex of 
Let Q be the bicombing of Theorem 16.31 Since Q is quasi-geodesic 
and C-horoballs are convex, it follows that Q{a, b) is completely contained 
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in a C-horoball .^c if o and h lie in for L sufficiently large. Therefore 
for such an L we put 

V'oCs',*) := {9^,^ 

'^i{{9,i),{h,j)) ■■= Q{'ipo{g,i),'<Po{h,j)) eCi{X) cCi{^i^{X)). 

In order to simplify our notation, we denote by A* a generic i-dimensional 
simplex in St. If = {po,Pi,P 2 ), we write 

V^l(aA 2 ) =z(A2)+u;(A2), 

where z{A‘^) := z{'ij^o{po),'^o{pi),'ipo{P 2 )) as in the notation of Theorem l6.31 
and tc(A^) = — z{A‘^). 

Notice that the cycles ^(A^) fulfill the conditions of Theorem 15.61 for a 
uniform constant L and with maxh( 2 ;(A^)) uniformly bounded. Therefore 
we can fill z{A^) with a chain 2 ; 2 (A^), where maxh( 2 ; 2 (A^)) and its norm 
|| 2 ; 2 (A^)|| are uniformly bounded (i.e. independently of A^), and moreover 
Supp(^ 2 (A 2 )) is contained in some C-horoball, if the same is true for 
Supp ( 2 ;(A^)). We extend z and Z 2 by linearity. In what follows, all fillings 
are required to satisfy the conditions of Theorem 15.61 We have 

z(aA3) + u;(5A3) = 0 

hence —z{dA^) = w{dA^) is a 1-dimensional cycle with bounded norm and 
minimun height at least C. Hence Supp {w{dA^)) is contained in the union 
of some C-horoballs. Since the C-horoballs of X are disjoint complexes 
and because of (4) of Lemma [5Tl we have that w{dA^)y^ is a cycle for 

every C-horoball 

Let a; 2 (A^) be a filling of w{dA^) as in Theorem 15.61 i.e. 

duj 2 {A^) = -z{dA^) = w{dA^). 

Applying Theorem 15.61 we find a chain 23 such that: 

a(z3(A3)) = z2(9(A3))+a;2(A3). 

Fix f > 4, and suppose by induction that, for any i-symplex in SU 
d{zi{A^)) = Zi.i{dA^)+u,i.i{A^), 

with Zi, Zi-i and uii-i of uniformly bounded maximum height and .^^-norm, 
and such that minh(a;i_i) > C. Moreover, suppose that the geometric 
conditions of Theorem 15.61 for Zi, Zi-i and Wj_i are also satisfied, where n 
and L in the statement of Theorem 15.61 that only depends on the dimension 
i. Then 

d{zi{dA^+^)) = Zi_i(9(5A'+^)) +a;i_i(A'+i) = 

hence we can find a filling a;i(A®+^) of the cycle —a;j_i((9A®^^). Finally, we 
define Zj+i in such a way that 

d{zi+i{po,... ,Pi+i)) = Zi{d{po,... ,Pi+i)) +(jJi{po,... ,Pi+i). 
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All inductive conditions are satisfied. 

Now we consider the construction of w^. Similarly as before, by Theorem 
16.,'ll minh(r(;(A^)) > C. Hence rc(A^)| is a cycle for every C-horoball 

By the contractibility of the C-horoballs fCorollary 14.81) . we can fill 
every rc(A^)| in ^c- Let rc 2 (A^) be a filling of w{A‘^) given by filling 

any in the same C'-horoball. Note that we have defined w* in 

such a way that (9a;2(A^) = w{dA?), and 5wj+i(A*+^) = —a;j((9A®+^) for 
i > 2. We have that 

dw2{dA^) = w{dA^) = duj2{A^). 

Hence we can define W 3 {A^) in such a way that 

dw3{A^) = W2{dA^) - UJ2{A^). 

Now, hx i > 4, and suppose by induction that 

dwiiA"-) = Wi-i{dA'') - a;i_i(A*). 

Then 9t(;i(5A*+^) = —a;i_i((9A®+^) = 5a;j(A*+^), hence rcj(9A*+^)—Wj(A®+^) 
is a cycle, which we can fill by rcj+i(A*'’'^). 

This concludes the construction of V’*, whence the proof of Theorem ll.il 
(a). 


7. Applications 

Let {X,A) be a topological pair. Let S'* (A) be the singular complex of 
X with real coefficients. In other words, Sk{X) is the real vector space 
whose basis is the set C^(A^, A) of singular fe-dimensional simplices in A, 
and we take the usual boundary operator dk ■ S'fc(A) —> S'fc_i(A), for A; > 1. 
The natural inclusion of complexes 5* (A) ^ S'* (A) allows us to define the 
relative singular complex S'*(A, A) := S'*(A)/S'*(A). Dually, we define the 
relative singular cocomplex as 

S*{X,A) = Hom(,S*(A,A),M), 

where Horn (5*(A, A), M) denotes the set of real linear maps on S'*(A, A). 
We put 5*(A, 0) =: S'*(A). We will often identify 5*(A, A) with the sub¬ 
space of S*(A) whose elements are null on S*(A). We put an £^-norm on 
5* (A, A) through the identihcation: 

5*(A,A) ~M(CO(A\A) \CO(A\A)). 

Given a cochain / € S'* (A, A), the (possibly infinite) £°°-norm of / is 

ll/lloo := sup{|/(c)| :c G S'*(A,A), ||c|| < 1}. 

We denote by S'/(A, A) the subcocomplex of S'* (A, A) whose elements 
have finite £°°-norm. Since the boundary operator 9* : 5* (A, A) —>■ S'*-! (A, A) 
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is bounded with respect to the £^-norms, its dual maps bounded cochains 
into bounded cochains (and is bounded with respect to the £°°-norm). 
Therefore {X, A) is indeed a cocomplex. 

The following definition appeared for the first time in |Gro82( Section 
4.1], 

Definition 7.1. Given a topological pair {X,A), the relative bounded 
cohomology (X, A) is the cohomology of the cocomplex {X, A). 

Definition 7.2. Let S^,{X, A) be the real singular chain complex of a topo¬ 
logical pair. The norm on descends to a natural semi-norm on 

homology, called Gromov norm: for every a G iL* {X, A ), 

||a|| = inf {||c|| : c G S^,{X, A), [c] = a} . 

If M is an n-dimensional oriented compact manifold with boundary, the 
simplicial volume of M is the Gromov norm of the fundamental class in 
Hn{M, dM). 

Definition 7.3. A topological pair (A, Y) is a classifying space for the 
group-pair (r,{ri}ie/) if 

(1) X is path-connected, and Y = jjjg/Li is a disjoint union of path- 
connected subspaces of A parametrized by I; 

(2) there are basepoints x € X and yi G Li, and isomorphisms vri(A, x) ~ 
r and 7ri{Yi,yi) ~ T*; 

(3) the Yi are vriGnJective in A, and there are paths 7 * from x to yt 
such that the induced injections 

Tri{Yi,yi) ^ Tri{X,x) 

correspond to the inclusions Tj T under the isomorphisms above; 

(4) A and Y are aspherical. 

The following theorem applies in particular to negatively curved compact 
manifolds with totally geodesic boundary. 

Theorem 7.4. Let (A, A) be a classifying spaee of a relatively hyperbolie 
pair (T, T'). Then the Gromov norm on Hic{X, Y) is a norm for any k >2. 

Proof. Let H*(T,T') be the relative cohomology of (r,r') as defined in 
[BE78| (the definition of Bieri and Eckmann is completely analogous to the 
one of Mineyev and Yaman, but without any reference on the norm). It is 
possible to define natural maps 

(17) HI{X,Y) Hl{TX) H*{TX) H*{X,Y) 

such that the first map is an isometric isomorphism, the third one is an 
isomorphism, and the compositions of all maps in (1171) is the comparison 
map from singular bounded cohomology to singular cohomology (the fact 
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that the first map is an isometry also follows from weaker hypotheses: 
see [Blal41 Theorem 5.3.11]'). Bv hvDothesis. the second mao in m is 
surjective. Hence the conclusion follows from the following proposition 
( [MY] Proposition 54]), which is the relative version of an observation by 
Gromov ( [Gro82] p. 17]) and could be generalized for any normed chain 
complex (see [LohOT] Theorem 3.8]). 

Proposition 7.5. For any z G Y';M), 

||z|| =sup (^{^:/3 g 77,'^(Y,Y';M): (/3,z) = l}u{0}) . 

□ 

Now we consider our second application: a relatively hyperbolic group- 
pair has finite cohomological dimension. More precisely 

Theorem 7.6. Let (T, T') be a relatively hyperbolic pair. Then there is n & 
N such that, for every m> n and every bounded T-module V, T'; V) = 

0 . 


We note that this theorem admits a straightforward proof in the case 
of a torsion-free hyperbolic group T. Indeed, consider a contractible Rips 
complex Y over the Cay ley-graph Y of T. The complex Y is finite dimen¬ 
sional by the uniform local compactness of X. Since Y is contractible and 
r acts freely on it, the cohomology of T is isomorphic to the (simplicial) 
cohomology of Y, whence the conclusion. 

Let '■= ^k{X) be the Rips complex associated to a cusped space X 
of the relatively hyperbolic pair (T, T'), as described in Corollary 14.81 Then 

Lemma 7.7. For every C > 0 there exists n G N such that, for every 
m> n and for every m-simplex A of ^^iX), we have minh(A) > C. 

Proof. For m sufficiently large, every subset A C of cardinality m 

and such that minh(^) < C has Y-diameter greater than n. This follows 
easily from the fact that, up to T-action, there are only finitely many such 
sets A. Therefore, by definition of Rips complex, the conclusion follows. □ 

We can now prove Theorem 17.61 

Proof. Let R be a bounded F-module, and let / be a cochain in HornSt V), 
which we can see as a T-equivariant map which is null on St^ C St^. By 
Lemma 17.71 f o o = 0, for k sufficiently big and independent of /. If 
/ is a cocycle, by Lemma [6Tl / is cohomologous to the null map, hence 
77^ (r, r'; R) = 0 by the arbitrariness of /. □ 
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8. Proof of part (6) of Theorem 11.11 

In the following we will work in the category of combinatorial cell com¬ 
plexes (see [BH99( 8A.1]). We are particularly interested in the 2-skeleton 
of a combinatorial complex X. This is described as follows: is any 

graph, and the 2 -cells are /-polygons e\, I > 2 , such that the attaching 
map dex —)• is a loop whose restriction to any open cell of dex (i.e.: 

open edge or point) is a homeomorphism to some open cell of X*^^\ 

The following characterization of relative hyperbolicity was proved by 
Bowditch in [Bowt Definition 2], 

Definition 8.1. Let G be a graph. A circuit in G is a closed path that 
meets any vertex at most once. We say that G is fine if, for any edge, the 
set of circuits which contain e is finite. A group P is hyperbolic relative 
to a finite collection of subgroups P' if P acts on a connected, fine, 
5-hyperbolic graph G with finite edge stabilizers, finitely many orbits of 
edges, and P' is a set of representatives of distinct conjugacy classes of 
vertex stabilizers (such that each infinite stabilizer is represented). 

Definition 8.2. |MP[ Definition 1.2] Let K. E {Z,Q,M} and let X be a 
combinatorial cell complex. The homological Dehn function of X over 
IK is the map FVx,k : N —)• M defined by 

FVx,K{k) := sup{||7||/,k:7 € Zi{X,Z), ||7|| < k} 

where: 

I| 7 ||/,k := inf{||/x|| E G 2 (X,]K), 5 /r = 7 }. 

By a result given in |Minn2| (which generalizes [AG99( Theorem 3.3]) 
the linearity of FVx,k is equivalent to the undistortedness of the bound¬ 
ary ( 92 :G 2 (X,IK) ^ Gi(X, IK), if IK E {Q, M}. Indeed, given a cycle 
z E Zi(X,IK), we can express it as a sum of circuits z = in such a 

way that IK 9 Oc > 0 for all c, and ||z|| = X^c®c||c|| (see |Minn21 Theorem 6 
(b)], with T = 0). Suppose that ||c||/^]k < X||c|| for some constant K > 0 
and any circuit c. Then 

\\z\\f,K < '^g{c)\\c\\f,K < K'^g{c)\\c\\ = K\\z\\. 

c c 

Moreover, we have 

Proposition 8.3. Let X be a simply connected combinatorial cell complex. 
Then 

FVx,q = FVx,r. 

Proof. We have to prove that FVx,^ < FVx,m., since the opposite inequality 
is clear. Let 7 E Zi(X,Z), and let a = ^ C' 2 (-^) 1 K) be such that 

9a = 7 . We approximate the A* with rational coefficients A(, in such a 
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way that, if a' = then ||9(a — a')|| < s. Let W be the normed 

subspace of Z\ (X, Q) whose elements are Q-linear combinations of faces 
of the Gi- Let 6 -.W ^ C' 2 (X, Q) be a Q-linear map such that dO{w) = w 
for all w G W. Since W is finite-dimensional, 0 is bounded. Moreover, 
d{a — a') G W. Hence 

d{a' + 6d{a — a')) = 7 

and 

||o' -I- 6d{a — a')|| < ||a'|| -|- ||0||ooe 

from which the conclusion follows immediately by the arbitrariness of e. □ 

The following lemma is stated as such in [MPj . but is proven in [GMOSt 
Theorem 2.30] with a different notation. 

Lemma 8.4. [MPl Theorem 3.4] Let X be a simply connected complex such 
that there is a bound on the length of attaching maps of 2-cells. If FVx,q 
is bounded by a linear function, then the 1-skeleton of X is a hyperbolic 
graph. 

The following theorem is a slight modification of the “if part” of |MP[ 
Theorem 1.8]: we require the complex to be simply connected instead of 
1 -acyclic, and we write FVx,q instead of FVx,i, in ( 2 ). 

Theorem 8.5. Let (T, P') be a group-pair. Then (T, P') is hyperbolic if 
there is a simply connected combinatorial complex X .such that 

(1) T acts cocompactly on X^‘^'>; 

(2) FVx,iQik) < Ck for every k G N; 

(3) the stabilizers in P of edges are finite; 

(4) T' is a set of representatives of (distinct) conjugacy classes of sta¬ 
bilizers of 0-cells such that each infinite stabilizer is represented. 
This means that there is an injection 

T' {[Stab (u)] : v G T^ ^ [P^] 

(where [H] denotes the conjugacy class of a subgroup H of T) whose 
image contains all conjugacy classes of infinite stabilizers in T of 
vertices in 

Proof. Points (1) and (2) imply the hyperbolicity of the graph by Lemma 
El Hence, in order to apply Bowditch’s characterization of relative hyper¬ 
bolicity it remains to prove that X^^'l is fine. 

Condition (1) in the statement implies that there is a bound on the 
number of edges on the boundary of 2~cells. Moreover, conditions (1) and 
(3) imply that any edge belongs to just a finite number of 2-cells (because 
edge-stabilizers act cocompactly on the 2 -cells adjacent to the edge). 

We conclude by mean of the following lemma, which is proven in |MP[ 
Theorem 1.6 (2)]. 
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Lemma 8.6. Let X be a simply connected combinatorial cell complex such 
that each 1-cell is adjacent to finitely many 2-cells and there is a bound on 
the length of attaching maps of 2-cells. Suppose that there is C > 0 such 
that 

FVx,Q{k) <Ck Mkd N. 

Then is fine. 

□ 

Definition 8.7. [?, Definition 2.1] Let (r,r') be a group-pair. We say that 
r is finitely presented relative to F' if: 

(1) r is generated by IJig/ ^ finite subset £/ of T] 

(2) the kernel of the natural projection 

F{j 2 f) * r 

is generated ~ as a normal subgroup of F{£/) * (^jg/Fj) - by a finite 
set C F{.s/) * (*jgj-Fj) of relations. 

In this case, the datum of is a finite presentation of (F,F'). 

Notation 8.8. From now on, we will assume that (F, F' = ^j_) 

is a finitely presented group-pair, and that F is finitely generated. By a 
result in [?, Proposition 2.29], it follows that the groups in F' are finitely 
generated too. 

Since there exist slightly different definitions of Cayley-graph in the lit¬ 
erature, from now on we will rely on the following one. Let S' be a (non- 
necessarily symmetric) generating set of a group F. The Cayley graph 
G = (^(F, S) of F w.r.t. S is the graph whose 0-skeleton is F and with 
an edge connecting x and xs labelled by (x, s), for any (x, s) G F x S. 

Notice that F acts freely and isometrically on G(F, S) by mapping the 
vertex x to yx and the edge (x, s) to the edge (yx, s). 

Definition 8.9. [CMOS] Relative Cayley complex] Let G := G(F, S) be 
the Cayley graph of F, with respect to some compatible generating set S. 
Consider the graph G^ constructed as follows: 

(1) = GW X /; 

(2) for any i € /, G® := G x {i}. For all v G G^*^) and i j there is a 
single edge connecting {vfi) and {v,j). 

We call the edges contained in some G® horizontal, and the other ones 

vertical. 

By writing elements of M with the alphabet S, we can, for every z, (non- 
uniquely) associate them to loops in G® based in 1. We add F-equivariantly 
2-cells to those loops and their F-translates. Let i j € F If e® is an 
edge in G® we have a corresponding edge e^ in Gfi and two vertical edges 
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connecting the initial and final points of e* and . We add a rectangular 
2-cell to this quadrilateral. We denote by Cay{T,T') the 2-dimensional 
combinatorial cell complex obtained in this way, and call it the relative 
Cayley-complex of (r,r') (w.r.t. S). 

The group T naturally acts on C'ay(r,r'). 

Definition 8.10. The 2 dimensional qnotient complex X = X(r,r') 
is the CW-complex obtained by collapsing to points the full subcomplexes 
of Cay{T, T') whose vertices are contained in the same left coset of Tj x {z}, 
i € /. 

Remark 8.11. This means that, if Yi is the full subcomplex of Cay{T, T') 
whose vertices correspond to Tj x {z}, then all (left) T-translates of Yi are 
collapsed to points. It is easily seen that X could be given the structure of 
a combinatorial complex. 

At the 0-dimensional level, we have a natural T-isomorphism T/T' := 
Lljg^r/Tj We use it to label the vertices of by T/T'. Given 

an horizontal edge (x,s) in G* C C'ay(r,r'), this is either collapsed to a 
point in X if s G Tj, or is left unchanged. Hence the horizontal edges of 
X are naturally labelled by the set Ue/T X (5 \ Tj). Notice that vertical 
edges are never collapsed. 

The complex X carries a natural T-action. The action on the 0-skeleton 
has already been described. A cell of dimension at least 1 in X corresponds 
to exactly one cell of the same dimension in C'ay(r,r'), hence the action 
of r on X is defined accordingly. Notice that, since the action of T on the 
Cayley complex is free, the same is true for the action of T on the 1-skeleton 
of X. In particular Condition (3) of Theorem 18.51 holds. 

Proposition 8.12. X is simply connected. 

Proof. Let L) be the full subcomplex of Cay{T, T') whose vertices are la¬ 
belled by Tj X {z}. For all z G /, we add T-equivariantly 2-cells to T) and 
to its T-translates, in order to obtain a simply connected combinatorial 
complex Z. 

The complex obtained by collapsing to points the full subcomplex of Z 
containing Yi, i £ I, and its T-translates is simply connected by an easy 
application of van-Kampen Theorem. Moreover, it is obviously homeomor- 
phic to X. □ 

We add T-equivariantly higher dimensional cells to X in order to make 
it a contractible combinatorial complex, that we also denote by X, and call 
it the quotient complex. Consider the exact cellular sequence 

-^ Ci(X) ^ Co(X) ^ M ^ 0. 
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Recall that we have a r-isomorphism between the F-sets and F/F'. 
Therefore, if A is the kernel of the augmentation map ]R(F /T') —?■ M we 
also have the exact sequence 

(18) C*(X)^A^0. 

By the following lemma, the sequence (I18p provides a F-projective res¬ 
olution of A (i.e., all the F-modules except A are F-projective). 

Lemma 8.13. Let X he a contractible CW-complex, and let F act on X 
through cellular homeomorphisms. Suppose that the stabilizers in T of 1- 
cells are finite. Then Ck{X) is a T-projective module for every k >1. 

Proof. For k > 1, the stabilizer of any /s-dimensional cell is finite. By 
(arbitrarily) choosing an orientation for every A:~cell of X, we get a basis 
of C'fc(X). Then we conclude by applying Lemma 12.21 to such a basis. □ 

We are now ready to prove Theorem ll.ll fbl. Most of the proof follows al¬ 
most verbatim [MYl Theorem 57]. We note however that the existence of a 
combinatorial isoperimetric function required in the statement of Theorem 
57 is never actually exploited in its proof. 

Proof. We will prove that X satishes conditions (1), ..., (4) of Theorem 
[Q Condition (4) is obvious. Since X*^^) is a quotient of the relative Cayley 
complex, the F~action on it is obviously cocompact, whence (1). Condition 
(3) was already proved in Remark 18.111 

Now, let V := (Bi(X);|| • jjy), where Bi{X) C C'i(X) is the set of 
boundaries and || • \\f is the filling norm 

||c||/ := inf{||a|| :a G C' 2 (X), da = c}. 

This is actually a norm (and not just a semi-norm) because, by Condition 
(1), the boundary map d 2 .C 2 {X) C'i(X) is bounded, with respect to 
the £^-norms. 

We have already seen that St*®*(F,F') and C'*(X) provide F-projective 
resolutions of A. Hence by Lemma 12.61 there are, up to (non-bounded) 
F-homotopy, unique chain maps 

; St","'(F,F') ^ a(X) if,-.Cfix) ^ St","'(F,F') 

that extend the identity on A. Put 

u-.= d2-. C2{X) ^ V. 

The cochain u is a cocycle. Since ip'^ o induces the identity in ordinary 
cohomology, there is u G ^^(X, V) such that 

u = ijfi{ipP‘{u)) -|- 5v. 
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From the surjectivity hypothesis we get 

= u' + 5v', 

for some bounded cocycle u' € StF'; 1/) and v' G C'j!gj(F, F'). Let 
6 € Cl (X) be a cycle, and let a G C 2 (X) be a filling of h. Then 

(19) b = da = {u, a) = o “) = ((V’^ ° ®) + b) . 

By Corollary 12.101 we have 

{{'ilP' o ip^){u),a) = {(p^{u),il! 2 {a)) = {^p‘^{u),[y,d{ijj 2 {a))]rei) = {y:>‘^iu),[y,il!i{b)]rei) = 
= {u' + 6v', [?/,V'i(6)]rel) = {u', [?/,V'l(&)]rel) + (u', 9[y, V’l (6)]rel) = 

= {u', [2/,V'l(^)]rel) + {v',ll^lib)) = {u', [y,V’l(&)]rel) + • 

Summarizing, 

b= {u’,[y, 1pl (6)]rel) + ('0^ (^0 +v,b) . 


Hence 

\b\f < [y,V’l(fe)]rel) + +V,b) 


< W 


I ^ |oo 


< 3|u'|oo||V’l(^)ll + 'il^^{v')+v 


< 


(sltt'loollA 


1 |oo “1“ 


[2/,V'l(&)]rel +'ll^^{v')+V 
'4j^{y') + V 


oo/ 

is bounded. 

rel / 


Hence it remains to prove that ^Sltt'looliAiloo + V’^(^0 +'^ 

The cocycle u' is bounded by definition. Moreover ■i/ii: Ci(X) —>■ St i®*(F, F') 
and '4^^{v') + V : Ci(X) — >■ V are F-equivariant, hence also bounded by the 
cocompactness of the action of F over X^'^\ 

It follows that cl:C 2 (X,M) —>■ Ci(X,M) is undistorted, hence FVx,m. = 
FVx,q is linearly bounded. □ 


Remark 8.14. The proof of part (b) of Theorem 11.11 could be adapted, 
as in [MY] , by weakening the hypotheses in the statement by requiring the 
surjectivity only for Banach coefficients (that is: Banach spaces equipped 
with an isometric F-action). 

8.1. Addendum I: the relative cone of [MYj . We recall the definition 
and properties of the relative cone given in |MYl 10.1,. .., 10.5]. 

Consider the (non-linear) map: : Sto(r) — >■ Sti(r) 

^(c) -+ V a“a+[a;,y], 

where c G St o is written as: c = Yhx ^ ^ with all the and 

a~ non-negative and, for any x G IF, «+ = 0 or a“ = 0. The following 
fact is immediate. 
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Proposition 8.15. For every c G Sto, ||‘^(c)|| < ||c||. If c is contained in 
the kernel of the map St o —^ K, then 

(20) 5$(c) = c. 

Definition 8.16. [MYt The absolute cone] Fix y ^ IT and k > 0. The 
A;— dimensional cone (associated to y) is the map [y, •]: St ^ St k+i 
given by 

b, (7o,---,7fc)] := (2/,7o, ■ ■ ■ ,7fc) V 7 o,..., 7 fc G IT 

and extended over the whole St ^ by linearity. 

It is trivialy seen that [y, ■] is a linear map of norm 1 for every k. More¬ 
over, 

(21) d[y,z]=z, 

for any fc-dimensional cycle z, k >0. 

Let pr ^,: St* —St(]®^ be the projection, and let j* : St(]®^ ^ St* be the 
obvious right inverse of pr*. This map has norm 1. For any left coset 
s G F/F' and a G St*, let d^{a) be the restriction of da to s. 

Definition 8.17. [MYl The relative cone] Fixy G IF. The 1—dimensional 
relative cone (associated to y) is the (non-linear!) map 


[y, -Irei: St St 2 ®^ [y, 6]rei := pr 2 

We prove Proposition 12.91 Let 5 G St 


sgr/E' 


V6 g st^i^Hr) 


ll[y,&]rel|| = 


pr 


y,m- Y 

Sgr/E' 


< 


v,m- Y 

Sgr/E' 


m- Y fP'ow)] 

sgr/E' 


< lli(i>)ll+ Y Il‘i‘l8*(i(''))lll < ll''ll+ Y Il8*(i(''))lll < 

sgr/E' sgr/E' 


< \\b\\ + 




\\b\\ + \\d{j{bm\<\\b\\+2\\jm<\\b\\+2\\b\\ 


Sgr/E' 

Now, let 6 G St be a cycle with respect to the augmentation map 
St ^ A pr 2 (x, y) eA [y] - [x] 

(where [•] refers to the class in F /T'). We prove that 

( 22 ) d^%,bU = b. 


3||6||. 
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Write 


b = '^Xi[xi,yi] 
i 


(if [xi,yi] ^ r' we will identify [xi,yi] and pr{[xi,yi])). By hypothesis: 


^ Xi{[yi] - [xi]) = 0 G A c M(r/r'). 

i 

Equivalently, for any s G E/E': ~ Ylxj&s ~ 0. Hence: d^j{b) = 

'^yi£s ~ Sx ss ^ cycle with respect to the augmentation map: 

Sto(E,E') —M —)• 0. Therefore we get 


ser/F' 

because of [201 Moreover 


d^%,bU :=9'-V2 


yj{b) 


Y, d<s.{d‘um= E s'ow). 

sGE/E' sGE/E' 


sGE/E' 


= pr2d 


v,m- E ‘i>[9*0(''))i 

ser/E' 


= pr2 j{b) - ^>[a^(j(6))] = b 

\ ^er/r / 

because <l>[9®(j(6))] G St^ for every s G E/E'. 

8.2. Addendum II: coincidence between Mineyev-Yaman and Blank 
definitions of relative bounded cohomology. We prove that Blank’s 
definition of relative bounded cohomology for pair of groupoids, when re¬ 
stricted to group-pairs, coincides with the one of Mineyev and Yaman, up 
to isometry. 

First we briefly sketch Blank’s definition of relative bounded cohomology 
for groupoids. For more details, see |Blal41 Chapter 3]. If G is a groupoid, 
we write ‘^g G G” if g' G Hom(e,/), i.e. if g is a morphism between two 
objects e and / of G. In that case we also put s{g) = e, t{g) = b. A 
bounded G— module F is a set of normed vector spaces = {Fe}e 6 obj(G) 
which carries a bounded groupoid G-action. This means that to any 5 G G 
an operator pg: Vs(^e) ^(e) is assigned whose norm is bounded indepen¬ 
dently of (7 G G, and the composition rule: pgoh = Pg°Ph is respected when 
defined (our definition of bounded groupoid module is slightly more general 
than that of normed G-module in |Blal4l Chapter 3.3.1] in that we con¬ 
sider actions by uniformly bounded operators on normed spaces, instead 
of isometries on Banach spaces). If V and W are bounded G-modules, by 
Hom^(F, W) we mean the space of bounded maps (/e : Ve —>■ IEe)egobj (G) 
such that Pg o = fpg-j o pg and ||/e|| < L for some L independent of 
e G obj (G). 
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To G we associate the Bar resolution {'^n{G)}n&i defined as follows. 
For n G N put ‘ifn{G) := {^n(G)}eeobj (g)j where {^k{G))e is the normed 
space generated by the n + 1-tuples {go,... ,gn) such that s{go) = e and 
s{gj) = t{gj-i), for 1 < j < n, with the corresponding .^^-norm. The 
module ^n{G) is equipped with the G-action 

g ^ Pg ■K(e){G) -^‘^t{e){G) pg{go, gi, ■ ■ ■, gn) ■■= {ggo,gi,... ,gn)- 

For n > 1 we define the boundary map: '^n(G) —>■ by the formula 

n—1 

d{go,-- ■,9n) ■= '^{-ly {go, ■ ■ • ,5* • gi+l,gn) + (-l)”(5o, • • • ,5'n-l)- 

j=0 

We also have an augmentation 

^o{G) —)■ KG g I—>■ t{g) ■ 1, 

where KG is the groupoid {Kejegobj (G), where G acts on KG by mapping 
g to the map: Id]R:Gs(g) ^ ^i(e) (see [Blal4l Definition 3.2.4]). Notice 
that we have equipped ^k{G) with a structure of bounded G-module, and 
that the boundary maps are G-linear. 

If (G, A) is a pair of groupoids (i.e. if ^ is a subgroupoid of G) we 
have an inclusion of complexes: ^ ^*(G). The relative bounded 

cohomology of (G, A) with coefficients in V is then given by the co¬ 
complex 


%*{G,A-,V) -.= If G Hom^(^*(G),y):/g = OVe G obj (G) 


«.(A)e 


and is denoted by J^y{G, A;V) (see |Blal4l Definition 3.5.1(iii), (iv)]). 

Let (r,r' = {Fj}ig/) be a group-pair. Let F/ be the groupoid with 
obj (G) = I, and Horn {i,j) = G, for all i,j G obj (G). If 1/ is a bounded 
F-module, then Vj denotes the bounded Fj—module (Dj)jgobj (pj) with F/- 
action given by Pg{v) = gv, where v G 14(g) and gv G 14(g)- Let Uig/Lj 
be the groupoid with objdJjgjFj) = I and Hom(z,j) = G A i = j, 
and Horn (f,4) = 0 otherwise (see |Blal4( Definitions 3.1.10, 3.5.11, Exam¬ 
ples 3.1.3(iii)]). The relative bounded cohomology of the group-pair 
(F, F') with coefficients in V is defined to be the relative bounded coho¬ 
mology of the corresponding groupoid-pair (F/, |Jjgg Fj), i.e. 


^4(r,F';E) :=J^y{Tj,\jTp,V) 

iei 

(see [Blal4[ Definition 3.5.12]). 


Proposition 8.18. Let (r,r') be a group-pair, and let V be a bounded 
T-module. There is a natural isometric chain isomorphism ^j*(F,r'; V) —t- 

st^(r,r;E). 
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Proof. We see an element in St F'; V) := St^®', "F) as a 

F-linear map /:]R(F x —>■ V which is null on St'j^, i.e. on tuples 

{xq, ... ,Xn) for which there exists i & I such that Xj G F x {i} for all 
0 < j < k and Xj € Xori fo^ every I < j < k. If G / and <7 G F, 
we write for the corresponding element in Hom(i,j), and 5 * for the 
corresponding element in F x {i} C IF. 

Fix i G / and consider the maps 

/:<(F 7 ;F) ^ St^{rX-,V) : 54d(r, F'; F) ^ <(F, F'; F) 

defined as follows: if / G (F, F'; F) we put 

/(/) (gif,.. .,glr) := f{gl°^\ 

If /i G 5t^g[(F, F'; F) we put 

f^Hh) {gi°^\gY^'°, .. = h{g}f, (gogiT^ ■ • • (50 • • • 

The computations that show that ip* and ^f* are mutually inverse chain 
maps are similar to the ones that prove that the bar-resolution and the 
homogeneous bar-resolution are isomorphic. Indeed, they resemble dual 
versions of the ones in [HS711 Chapter VI 13 (b)]. We simply note that 
those maps are well-defined, i.e. the restrictions of ip^{f) on St'^ and of 
on M (IJj Fj)”"'"^ are null. Indeed, if ^q, . .., G (Fj x then 

• • • > {gn^gnf^Y is an (n -|- l)-tuple of elements in a F- 
translate of Fj C Hom(i,i), and therefore / is null on it. Conversely, 
if ..., is a tuple of elements in Fj C Hom(i,7), then 

(5o: ( 5091 )*, • • • (50 • • • gnY) e (Fj X {7})"+\ hence h is null over it. □ 

References 

[AG99] F. J. Allcock and S. M. Gersten, A homological characterization of hyperbolic 
groups, Invent. Math. 135 (1999), no. 3, 723-742. 

[BBF] M. Bestvina, K. Bromberg, and K. Fujiwara, Bounded cohomology with coeffi¬ 
cients in uniformly convex banach spaces, arXiv:1306.1542v2. 

[BE78] Robert Bieri and Beno Eckmann, Relative cohomology and poincare duality for 
group-pairs, Journal of Pure and Applied Algebra 13 (1978), 277-319. 

[BF02] Mladen Bestvina and Koji Fujiwara, Bounded cohomology of subgroups of map¬ 
ping class groups, Geometry and Topology 6 (2002), no. 1, 69-89. 

[BH99] Martin R. Bridson and Andre Haefliger, Metric spaces of non-positive curva¬ 
ture, vol. 319, Springer Science & Business Media, Berlin, Heidelberg, New 
York, 1999. 

[Blal4] Matthias Blank, Relative bounded cohomology for groupoids, Ph.D. thesis, 2014, 
epub.uni-regensburg.de/31298/1/thesis.pdf. 

[Bow] Brian H. Bowditch, Relatively hyperbolic groups, preprint, 
http://www.warwick.ac.uk/ masgak/papers/rhg.pdf. 

[Bow08] Brian H. Bowditch, Tight geodesics in the curve complex. Invent. Math. 171 
(2008), no. 2, 281-300. 




BOUNDED COHOMOLOGY AND RELATIVE HYPERBOLICITY 


38 


[Bro81] R. Brooks, Some remarks on bounded cohomology, Riemann surfaces and re¬ 
lated topics: Proceedings of the 1978 Stony Brook Conference (State Univ. 
New York, Stony Brook, N.Y., 1978) (Princeton, N.J.) (Princeton Univ. Press, 
ed.), vol. 97 of Ann. of Math. Stud., 1981, pp. 53-63. 

[CDP90] M. Coornaert, T. Delzant, and A. Papadopoulos, Geometrie et theorie des 
groupes (les groupes hyperboliques de gromov), Springer-Verlag, Berlin Heidel¬ 
berg, 1990. 

[EF97] David B. A. Epstein and Koji Fujiwara, The second bounded cohomology of 
word-hyperbolic groups, Topology 36 (1997), no. 6, 1275-1289. 

[Euj98] Koji Fujiwara, The second bounded cohomology of a group acting on a gromov- 
hyperbolic space, Proc. London Math. Soc. 76 (1998), no. 1, 70-94. 

[GdlH90] E. Ghys and P. de la Harpe, Sur les groupes hyperboliques d’apres mikhael 
gromov, Birkhauser, Boston, 1990. 

Daniel Groves and Jason Fox Manning, Relative bounded eohomology and rel¬ 
atively hyperbolic groups, (in preparation). 

_, Dehn filling in relatively hyperbolic groups, Israel Journal of Mathe¬ 
matics 168 (2008), 317-429. 

M. Gromov, Volume and bounded cohomology. Ins. Hautes Etudes Sci. Publ. 
Math. 56 (1982), 5-99. 

_, Hyperbolic groups, MSRI Publications 8 (1987), 75-265. 

M. Hull and D. Osin, Induced quasi-cocycles on groups with hyperbolically em¬ 
bedded subgroups, Algebr. & Geom. Topol. 13 (2013), no. 5, 2635-2665. 

Peter John Hilton and Urs Stammbach, A course in homological algebra, Berlin- 
Heidelberg-New York: Springer, Berlin-Heidelberg-New York, 1971. 

Barry Edward Johnson, Cohomology in banach algebras (memoirs of the amer- 
ican mathematical society), vol. 127, American Mathematical Society, Provi¬ 
dence, 1972. 

Glara Loh, l^-homology and simplicial volume, Ph.D. thesis, Ph. D. the¬ 
sis, Westfalische Wilhelms-Universitat Munster, 2007, www.mathematik.uni- 
regensburg.de/loeh / theses/thesis.pdf. 

Igor Mineyev, £°° -cohomology and metabolicity of negatively curved complexes. 
International Journal of Algebra and Gomputation 9, No. 1 (1999), 51-77. 

_, Straightening and bounded cohomology of hyperbolic groups, GAEA 11 

(2001), 807-839. 

_, Bounded cohomology characterizes hyperbolic groups. Quart. J. Math. 

Oxford Ser. 53 (2002), 59-73. 

Eduardo Martinez-Pedroza, A note on fine graphs and homological isoperimet- 
ric inequalities, arXiv:1501.01259. 

[Mun84] James R. Munkres, Elements of algebraic topology, vol. 2, Addison-Wesley 
Publishing Gompany, Inc., Redwood Gity, Galitornia Menlo Pari., Galifornia 
Reading, Massachusetts Amsterdam Don Mills, Ontario Mexico Gity Syrlney 
Bonn Madrid Singanore Tokyo Bogota Santiago San Juan Wokingham, United 
Kingdont, 1984. 

[MY] Igor Mineyev and Asli Yaman, Relative hyperbolicity and bounded cohomology, 
preprint, www.math.uiuc.edu/ mineyev/math/art/rel-hyp.pdf. 

[Rol] Pascal Rolli, Quasi-morphisms on free groups, arXiv:0911.4234v2. 

Dipartimento di Matematica, Universita di Pisa, Largo B. Pontecorvo 5, 

56127 Pisa, Italy 

E-mail address: frcuiceschini@mail.din.unipi.it 


[GM] 

[GM08] 

[Gro82] 

[Gro87] 

[H013] 

[HS71] 

[Joh72] 

[L6h07] 

[Min99] 

[MinOl] 

[Min02] 

[MP] 



